We study 4-dimensional Galois representations attached to Siegel modular forms. In some cases we determine the images of the absolute Galois group. This yields Galois realizations over Qfor projective symplectic groups.
Introduction
It is well known that to classical modular forms there are attached two-dimensional l-adic representations of the absolute Galois group G Q := Gal(Q : Q); see Deligne 6] . Ribet 15] has studied the images of G Q and proved that they are almost always \as big as possible". In particular, by considering modular forms of weight 24; he showed that the groups PSl(2; l 2 ) occur as Galois groups over Q if l 6 = 47 and 144169 is a quadratic non-residue modulo l: Reverter and Vila 14] subsequently realized many other groups PGl(2; l 2m?1 ) and PSl(2; l 2m ) as Galois groups over Q by considering modular forms of higher weights.
Results of Weissauer 24] associate four-dimensional Galois representations to Siegel modular forms of genus two (more generally, to any irreducible cuspidal automorphic representation of GSp(4; A ); A being the ring of adeles of Q; whose component at in nity belongs to the holomorphic discrete series, see Theorem 3.1). We study the Galois representations attached to the unique (up to normalization and Galois conjugation) Siegel modular eigenform of weight 28 on the full Siegel modular group Sp(4; Z ) which is a cusp form and does not lie in the Maass Spezialschar. The rst Fourier coe cients of were determined by Skoruppa 18] , 19] .
The case of weight 28 is the smallest one where non-Maass, non-Eisenstein eigenforms exist whose Fourier coe cients do not lie completely in Q (see 18]) { so there is the chance of nding new Galois groups (see Remark 6.3 
for details).
We use the following method to determine the image of G Q : We consider the image modulo ; where is a prime of some number eld. Then we use the explicitly given characteristic polynomials of the images of the Frobenius elements, combining the results of Weissauer and Skoruppa, to nd semisimple elements in the image which do not t simultaneously into any smaller subgroup than Sp(4; l n ).
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We show that in nitely many of the groups PSp(4; l 2 ) and PGSp(4; l 03 ) (especially PSp(4; 19 2 ) and PGSp(4; 53 3 )) occur as Galois groups over Q; see Thm 6.2 i) and ii). The corresponding Galois extensions are unrami ed outside l and l 0 ; resp.. An argument similar to a result of Serre-Ribet, see Lemma 2.2, then implies that the corresponding -adic inverse images also occur as Galois groups over Q:
We thank Professor Weissauer for providing us with his preprints and for valuable discussions. Further we thank J. Hartmann, J. Kl uners, Professor Kramer and Professor Matzat for helpful comments.
Lifting modular representations and reducing l-adic representations
In this section we collect some general results about l-adic representations which will be useful later. Notation 2.1. We denote by K an algebraic closure of a eld K: By P we denote the set of primes of N: If p 2 P; we denote by Frob p a Frobenius element of the absolute Galois group G Q := Gal(Q=Q); see 16] . If E is a number eld and is a place of E; we denote by E the completion of E with respect to : If K is a local eld then we denote by O K (resp. m K , k K ) its ring of integers (resp. the maximal ideal of O K , its residue eld). Proof. This is analogous to the proof of Thm. 2.1 of Ribet 15] . The argument of Serre (as given in 15], p. 250) applies, if we can show that the Lie algebra sp(n; q) \mod " of Sp(n; q) is generated by nilpotent elements of degree two (here denotes an extension of l to K such that k K = F q ): By the Cartan decomposition, see 3], we have sp(n; q) = t X 2 x ;
where t is the Lie algebra of a maximally split torus T, denotes the root system and x is the root space of (\mod "). First we want to reformulate the above theorem according to our situation:
Let f be a classical Siegel modular form of even weight k on the full Siegel modular group Sp(4; Z ) which is a cusp form and a simultaneous eigenform for all Hecke operators T(n); n 2 N (in the notation of Andrianov 1] where Q p is the following polynomial: Table 5 .1
Note that these tori are (up to conjugation in Gl(4; q)) maximal tori in GSp(4; q) and CO 4 (q); resp.. Thus if S(t) 6 = ?S(t); we get S(t ) = ?1 S(t); denoting the inversetranspose map. If S(t) = ?S(t); we get S(t ) = ?1 S(t) or S(t ) = ? ?1 S(t):
Remark 5. Table 5 .1) and the element t 2 i is regular, then Sp(4; q) G.
Proof. We exclude all the possible overgroups H 6 = GSp(4; q) of G 0 (H as in Table 5 . 2) by considering the maximal tori contained in H; together with Remark 5.2.
To treat the group GSp(4; q) note that the above list contains all maximal subgroups of GSp(4; q) with the possible exception GSp(4; q 0 ); q = q r 0 ; r a prime, and maximal subgroups of type S (in the notation of 10]).
The maximal subgroups of type S are exluded by noting that the condition that q is not a prime implies, that one has no maximal subgroups of type S; compare to Mitchell 12] .
To exclude the case GSp(4; q 0 ) note that we can assume by Formula 3.1 and Proposition 3.2 that G is contained in the group F l 2 Sp(4; q 0 ): This implies that the compositum of F l 2 and F q0 is F q : So we can assume that F q : F q0 ] = 2: Now observe that in this case a regular element contained in T 2 ; resp. T 4 ; is not contained in the group ii) One can realize symplectic groups PSp(n; l m ); l odd, for a xed m 2 N (regularly)
as Galois groups over Q if n > l m (see Dettweiler and Reiter 7] , extending results of Thompson and V olklein 21] ). It is in general very hard to realize symplectic groups regularly as Galois groups over Q if n lies below this bound and m > 1; because the Hurwitz spaces which parametrize the corresponding families of covers tend to have \few" rational points. This is partly because these Hurwitz spaces are often varieties of general type, partly because of the action of the absolute Galois group on the conjugacy classes via the cyclotomic character (see 11] and 22] for this).
